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Mathematical Modelling

Worksheet 15

Ranking A Tournament (1)

A tournament in tennis for example involving n players is a contest in which every player plays every other. We can assume that the game involved is one in which a draw is not possible. 

1. We can work out how many individual matches there are in a tournament.

The number of individual matches in a tournament can be modelled by considering the set of complete graphs 
[image: image172.wmf]4
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, where the vertices represent the number of matches.
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The results could be illustrated graphically by the 
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 graphs.
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e.g. 
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2. We can show that when all the matches in a tournament have been played, the players can be arranged in a sequence 
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Suppose that all the matches involving all other players except player 
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 are played first. Then player 
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 plays all his matches against all of the other players. There will be two possible outcomes, either player 
[image: image15.wmf]j

p

 wins or he loses.

So if player 
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Or considering if player 
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 we can place 
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This can carry on with 
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 etc. until we arrive at the desired sequence 
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3. We can show by means of an example that the player 
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 in question (2) need not be the one with the most wins.
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So 
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 need not be the one with the most wins, he can share the same number of wins with another player and be ranked equivalent. The ardent fan of 
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 may use this to argue the unfairness of league tables because (say) 
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 could be put in 3rd when his rank is equivalent to 2nd and 1st, making 
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 look worse than the 1st and 2nd positions.

4. We can call the results of a tournament decisive if the players can split into two non-empty subsets, the top dogs and the bottom dogs, such that in any match between a top dog and a bottom dog the top dog won.

We can show that in a decisive tournament the sequence in question (2) must have 
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 bottom dogs. Also, that either the results of a tournament are decisive or that any of the players can be 
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 in question (2).


[image: image35.wmf]1

2

1

,.....,

,

,.....,

,

-

n

k

j

i

p

p

p

p

p

p


If the results of a tournament are split into two non-empty subsets then you cannot find a path around the graph from 
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. Therefore, not anyone can be 
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In a decisive tournament the top dogs are always ranked above the bottom dogs, so we might as well restrict ourselves to a tournament, which is not decisive – such a tournament is called strongly connected. The definition of a strongly connected tournament is that for any two players p, q there is a sequence 
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. In the graphical presentation of the results of a tournament given in question (1) this means that there must be a path from p to q which follows the direction of the arrows at every step.

(i) 
We can show that a decisive tournament is not strongly connected.

A decisive tournament has 
[image: image43.wmf]r

p

p

,.....,

1

 top dogs and 
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 bottom dogs. Given this you cannot connect a path from p to q, which follows the direction of the arrows at every step 
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 a decisive tournament is not strongly connected.

(ii) We can show that “connected in each way by a path which follows the direction of the arrows at every step” is an equivalence relation on the participants in a tournament.

[image: image158.wmf]3

p

[image: image159.wmf]4

p

[image: image160.wmf]3

p

[image: image161.wmf]1

p

[image: image162.wmf]n

p


[image: image163.wmf]2

p


[image: image164.wmf]3

p


(iii) We can show that there is only one strongly connected tournament with three players, and only one with four.
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We can also consider how many strongly connected tournaments there are with five players.









Fig (1)




      Fig (2)

There are 3 strongly connected tournaments with 5 players. This is illustrated on the diagrams above. Fig (1) shows the first two paths indicated in red and black. Fig (2) shows the third path. 

(iv) We can show that in a tournament all the players can be arranged 
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and 
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If in a tournament all the players 
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 can be arranged such that 
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. We can see from the diagram that there is a path from 
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 and back to 
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 which follows the direction of the arrows at every step (this is called a cycle of length n), therefore the tournament is strongly connected.

Theorem (J W Moon 1966).

If p is a participant in a strongly connected tournament (with n players) there are cycles of length k=3,4,…..,n containing p.

6.

(i) We can show that there is a cycle of length 3 containing p.













Starting at p. p has beat q; therefore q belongs to T, the set of players whom p beat. Then because of strong connectedness q beat r. Because r beat p due to it belonging to S the set consisting of players who beat p. Therefore due to strong connectedness, q a member of T defeated r a member of S and so we have a cycle of length 3 containing p. 

Now let us assume that 
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 are the players (in order) in a cycle C of length k-1 containing p.

(ii) Suppose that there is a player s not in this cycle that beat some of the players in this cycle and was beaten by the others. We can use the argument in question (2) to show that 
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Since we are told that player s has beat some of the players in this cycle and was beaten by the others, then player s cannot beat 
[image: image55.wmf]1

p

 and be placed at the front of the sequence. Also 
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 cannot beat s, so that s is placed at the end of the sequence. Therefore s must be placed within the sequence in between the players which have beat s and the players which s has beat. Such a sequence is 
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 and due to s being inserted the sequence is of length k.

Now let us assume that every player not in this cycle C either beat all of 
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 or was beaten by all of them. Let S be the set consisting of the players who beat 
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[image: image60.wmf]1

1

,.....,

-

k

p

p

.

(iii) We can explain why strong connectedness requires that some player t 
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 T defeated some player s 
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If s has beat 
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, then s belongs to the set S. Then by strong connectedness 
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 beats t , which belongs to the set T. Now strong connectedness requires player t to beat player s  because there must be a path from t to s which follows the direction of the arrows at every step.

(iv) We can show that 
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This can be re-arranged so that we get a cycle of length k.
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Worksheet 16

Ranking a Tournament (2)

7. The score vector 
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s

 of a tournament is a vector whose i’th entry is the number of wins gained by player i.






(i) We can find the score vector 
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 of the above tournament.

So by counting the number of wins of each player indicated by the arrows, we get the score vector
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=(4,3,3,2,2,1)

It can be noted from the score vector that players 2 and 3 have the same number of wins. It is possible to distinguish between their victories by considering who they have played and beat.

Firstly consider Player 2:

Player 2 has beaten Players 4, 5, 6 who are ranked below Player 2.

Secondly consider Player3:

Player 3 has beaten Players 1, 2, 4. Player 1 has the top rank, so it could be said that Player 3 has beaten the top player making a more outstanding victory. Also Player 3 has beaten Player 2 which currently holds equal rank.

Therefore it could be said that Player 3 deserves 2nd place given the greater victories Player 3 has achieved.

(ii) In the i’th level score vector in a tournament, each player’s score is the sum of the (i-1)’th level scores of players beaten, starting with 
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 score vectors for the above tournament.


[image: image73.wmf]2

s

=(8,5,9,3,4,3)


[image: image74.wmf]5

s

=(90,62,87,41,48,32)



[image: image75.wmf]3

s

=(15,10,16,17,12,9)


[image: image76.wmf]6

s

=(183,121,193,80,119,87)


[image: image77.wmf]4

s

=(38,28,32,21,25,16)

(iii) What do we need to know about the score vectors as 
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The limit 
[image: image80.wmf]i

i

s

¥

®

lim

 does not exist, as there is no limit because the scores are continuously increasing. 

The matrix theory required to rank a tournament concerns the adjacency matrix of the tournament. This is the 
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 matrix whose (i, j)’th entry is 1 if player i beat player j and 0 otherwise. In particular, the diagonal elements are all zero. Let A be the adjacency matrix of a strongly connected tournament. 

 A path of length k from p to q in a tournament is a sequence of players (not necessarily all different) 
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8 (i)
We can show that the (i, j)’th entry of 
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 is the number of paths of length k from player i to j.

From question (7) we obtain the adjacency matrix
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Therefore for k = 2 we get
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 Every time we multiply the matrix we add an extra path i.e. k + 1.

Therefore the (i, j)’th entry of 
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 is the number of paths of length k from player i to j.

In a strongly connected tournament there is a path from player i to player j for every i and j so there is a shortest path from player i to player j. Let d be the maximum over all i, j of the length of the shortest path from player i to player j.

(ii) We can show that in a strongly connected tournament with five or more players 
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For the (i, j)’th element the maximum number of steps from player i to player j is 
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 is a cycle of length 3 we have a path of length       d + 3.

(iii) We can show that the vector 
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The vector 
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 in question (7) can be written as a matrix:
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For the other vectors 
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, by performing the operation 
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, the matrix A is multiplied by itself k times. Then by performing 
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 is the column vector with each entry equal to 1. This basically allows us to calculate the infinity norm i.e. the row sum, which gives the players score to be the sum of the (i-1)’th level scores of players defeated.

i.e.
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(iv) The behaviour of 
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 will depend on the dominant eigenvalue of A.
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 is stable.

Theorem (Perron-Frobenius)

If M is a square matrix such that for some integer r every element of 
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 is positive, then the eigenvalue of M with largest modulus is a real positive number, having a corresponding eigenvector with every component positive. Furthermore, every other eigenvalue of M has strictly smaller modulus. 

9 (i)
The adjacency matrix A of a strongly connected tournament can be modified in order to produce a matrix B whose eigenvalue of largest modulus is 1.
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(ii) Suppose for simplicity that this 
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 matrix B has n linearly independent eigenvectors. By expressing the vector 
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 as a linear combination of these eigenvectors we can show that 
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 is an eigenvector of B corresponding to eigenvalue 1 with all its components positive.
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(iii)
What ranking procedure for a strongly connected tournament does this give?

Find the largest of the eigenvalues of A and use the result of question (9 (ii)) to obtain the ranking procedure.

10. We can rank the tournament with adjacency matrix:
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The adjacency matrix can be ranked by deleting rows and columns by considering how many matches the players have won.

Firstly looking for the player with the most wins.

The player with the most wins is H who has not been beaten by any other player. Therefore player H can be given rank 1.

Now deleting row and column H we are left with a 
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 matrix.
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Again looking for the players with the most wins we find that players A, G and J have won the same number of matches.

Since 
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 forms a cycle we can rank them together with a rank of 2.

Having determined the rank of players A, G and J, we can delete their rows and columns from the adjacency matrix. This then forms a 
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 matrix.
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Here the player with the most wins is player D. Therefore player D can be given a rank of 5.

Once again deleting the rows and columns of D to reduce the matrix to a 
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From this matrix the players with the most wins are F and I. Therefore we can rank them together with a rank of 6.

Deleting the rows and columns of F and I reduces the matrix to a 
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From this simple matrix it is clear that player E has the highest number of wins and can be given a rank of 8.

Player B has the second highest number of wins and can be given a rank of 9.

Player C is the only remaining player and has no wins. Therefore player C can be ranked in last place with a rank of 10.

The ranking of the tournament can be summarised as follows:
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The scores can be placed on the edges of the graph and an arrow can be used to indicate which player won.
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Only 1 strongly connected tournament with 3 players because there is only 1 unique path
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Only 1 strongly connected tournament with 4 players because there is only 1 unique path.


i.e. only 1 Eulerian path. 





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





p





r





q





t





s





T





S





� EMBED Equation.3  ���





s





t





T





S





� EMBED Equation.3  ���





1





2





6





3





5





4





dominant eigenvector





dominant 


         eigenvalue





j





i





j





i





j





i





j





i





j





i








PAGE  

_1015931656.unknown

_1018174832.unknown

_1018179736.unknown

_1018179854.unknown

_1018182534.unknown

_1018183297.unknown

_1018189437.unknown

_1018189449.unknown

_1018183774.unknown

_1018183996.unknown

_1018185564.unknown

_1018183981.unknown

_1018183637.unknown

_1018183053.unknown

_1018183263.unknown

_1018182583.unknown

_1018180321.unknown

_1018182142.unknown

_1018180015.unknown

_1018179807.unknown

_1018179824.unknown

_1018179833.unknown

_1018179816.unknown

_1018179776.unknown

_1018179800.unknown

_1018179769.unknown

_1018179339.unknown

_1018179693.unknown

_1018179719.unknown

_1018179728.unknown

_1018179699.unknown

_1018179661.unknown

_1018179679.unknown

_1018179640.unknown

_1018179650.unknown

_1018179630.unknown

_1018178172.unknown

_1018179165.unknown

_1018179253.unknown

_1018178284.unknown

_1018177846.unknown

_1018177975.unknown

_1018175048.unknown

_1015947031.unknown

_1018171325.unknown

_1018173343.unknown

_1018173480.unknown

_1018173630.unknown

_1018173710.unknown

_1018174702.unknown

_1018173664.unknown

_1018173608.unknown

_1018173410.unknown

_1018173433.unknown

_1018173369.unknown

_1018171454.unknown

_1018173175.unknown

_1018173240.unknown

_1018173262.unknown

_1018173193.unknown

_1018173155.unknown

_1018171406.unknown

_1015947370.unknown

_1015950017.unknown

_1018170744.unknown

_1018170781.unknown

_1018171113.unknown

_1018170864.unknown

_1018170765.unknown

_1015951049.unknown

_1015951130.unknown

_1018170711.unknown

_1015950912.unknown

_1015948700.unknown

_1015949049.unknown

_1015949596.unknown

_1015948977.unknown

_1015948121.unknown

_1015948524.unknown

_1015947479.unknown

_1015947295.unknown

_1015947339.unknown

_1015947241.unknown

_1015935156.unknown

_1015936937.unknown

_1015940682.unknown

_1015946726.unknown

_1015946852.unknown

_1015940713.unknown

_1015940790.unknown

_1015940619.unknown

_1015940650.unknown

_1015938453.unknown

_1015938682.unknown

_1015938378.unknown

_1015938091.unknown

_1015938350.unknown

_1015935356.unknown

_1015935436.unknown

_1015935793.unknown

_1015935218.unknown

_1015931870.unknown

_1015933660.unknown

_1015933723.unknown

_1015932699.unknown

_1015932900.unknown

_1015931782.unknown

_1015757990.unknown

_1015759612.unknown

_1015760484.unknown

_1015760558.unknown

_1015931523.unknown

_1015760068.unknown

_1015759628.unknown

_1015758297.unknown

_1015759576.unknown

_1015759588.unknown

_1015759513.unknown

_1015758999.unknown

_1015759224.unknown

_1015758046.unknown

_1015755862.unknown

_1015756350.unknown

_1015756485.unknown

_1015756648.unknown

_1015756811.unknown

_1015757389.unknown

_1015756541.unknown

_1015756395.unknown

_1015756200.unknown

_1015756260.unknown

_1015756062.unknown

_1015755655.unknown

_1015755740.unknown

_1015755796.unknown

_1015755697.unknown

_1015755232.unknown

_1015755281.unknown

_994586526.unknown

_1015755132.unknown

_994586455.unknown

