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Learning from others

Can PISA and TIMSS really inform curriculum
developments in mathematics?

PAUL ANDREWS

One of the problemsthat will vex any Presidentof the Mathematical
Associationis the topic of the addresavith which he or shecloseshis or her
year of office. This occupiedme, on and off, for morethana year.In my
case,in additionto my desireto acknowledgethe honourof the invitation
madeto me, | was deeply consciousof the fact that | would be the 100"
individual to serveas President! dabbledwith somepetthemestypically
concerningthe lack of genuineproblem-solvingor proof in English school
mathematicsheforeconcludingthatthe mostsensiblething would beto talk
on the topic about which I know most. My researchinterestsare in
comparativemathematicseducation.l have beenfortunate, over the last
twenty yearsor so, to have beenable to visit and videotapemathematics
classroomsin several Europeancountries.In so doing | have had my
understandingf mathematicéeachingtransformedn waysthatled, almost
inevitably, to the themeof both this talk andthe conferencewxhich brought
my Presidency to an endearning from Others

My first visits to mathematicxlassroomsutsidethe UK occurredin
the early 1990s.As a consequencef a EuropeanUnion studentexchange
schemethelate Gill Hatchandl madeseveralvisits to schoolsin Budapest.
Arranged by colleagues at our partner institution, Eo6tvds Lorand
Tudoméanyegyetenor ELTE, we observedlessonsin various schools
throughoutthe city. At that time Gill and | were deeply immersedin
Cockcroftian perspectiveson classroompractice and, in typical English
Imperialistmannerassumedve would havelittle to learnandeverythingto
offer. Sucharrogancesuchnaivety! We saw lessonsof suchmathematical
sophisticationand didactical elegance,even with studentsin vocational
schools, that our parochial perspectiveson mathematicsteaching and
learningwere so completelytransformedhat we would neverbe the same
again. It was a professionally Damascenemoment and ‘learning from
others’ remains a guiding principle in all aspects of my life.

As | write this piece the Englisharein themiddle of curriculumreform.
This tendsto happeneachtime we experiencea changeof governmentand
is somethingthat amuses,n a black humour sort of way, my European
colleagues.They ask: does each new governmentreally believe that
systemic change will allow schools to function adequately?Why is
curriculumcontentnot immunefrom the whims of politicians? Why do the
Englishauthoritiesappeaionly to listento usersof mathematics?Surelythe
curriculum should be developedby thosewho know and understandhe
subject and not politicians, industrialists, economists, engineers and
scientistswho collectively cancreateonly anarchy. In this respectonehas
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only to examine,for example,the compositionof the steeringgroup for

Adrian Smith's post-14 mathematicsinquiry to see the extent of the

problem:usersof mathematicaboundand mathematicianshemselvesare

hardto spot’ Suchquestiongemindonethatcolleaguesn othercountries
frequentlyoperatedn morestableandlesspolitically controlledcontextsand

may, as a consequencehe able to induct their studentsmore successfully
into the ways of mathematics.

Of coursejf everythingwererosyin the gardenof Englishmathematics
then there would be a clear warrant for politicians remaining outside
curricular contentdebatesUnfortunately,everythingis not rosy, although
successivgovernmentseemreluctantto admit that faults may lie in their
constantappeasememtdf incompatibleandpowerfulinterestgroups.English
primary mathematicshas been demeanedby the label ‘numeracy’. In
secondaryschools, due to repeatedsystemic failures to embed proof,
mathematicss frequentlyconstruedas cognateto sciencewhich clearly it
is not. However, my concernsare not unique and some outsidershave
offered somerather telling insights. One study [1] characterisedEnglish
classroomsén which studentavorkedindividually on bookletsor work-cards
in the following manner. Lessonsbeganwith teacherscompletingvarious
administrativetasksincluding the register.They thencirculatedthe roomto
help studentswith difficulties and recordtheir latesttest marks.Finally, a
few minutesbeforethe bell, they would invite studentsto pack away. In
responsepne feels compelledto ask, where was the mathematicsn his
description and, more worryingly, where was the mathematicsin the
experiences of the students he observed?

My experiencesof such classroomsin my early days of teacher
educationyielded the following incident. A traineeteacher,increasingly
frustratedby the queuesof studentsorming at her deskfor help, boughta
book of cloakroomtickets.In the mannerof a supermarketielicatessershe
informed her studentsthat if they got stuck they were to collect a ticket,
returnto their seatsand,while waiting their turn, try to solvetheir problems
for themselvesOn one occasion,a boy took a ticket, returnedto his seat
and,seeinga solutionto his problem,realisedhe no longerneededhis place
in the queue.He waved his ticket in the air and asked,animatedly,does
anyonewant numberthirty-sevenfor ten pence?Sadly, he got two takers,
who then argued over whose need was greatest.

More recently, others[2, 3] have describedEnglish mathematicsas
‘pragmatic’. New conceptr methodsaretypically givenasinformationor
in the style of a recipe. Theoremsare warrantedby experimentor teacher
assertionratherthan proof. Preciselanguageis seenas unimportantand
standardalgorithmsare subordinatedo students'own methods.Again, in
responsepne asks,how can learnersgain ownershipover conceptsf they
are presenteds recipes. Whereis the systematicencouragememnf their
engagemenin the processesf conceptualdevelopment?How, in any
mathematicalworld | know, cantheoremsbe warrantedby experimentor

*  See http://www.mathsinquiry.org.uk/steering.html#SS
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assertion?A theoremwithout proof remainsa conjecture. Mathematics
without proof is science.ls it any wonderthat so many English schools
conflate the two subjects?

Such problemsare compoundedby the text books studentstypically
use. Comparisonf English, Frenchand Germantextbooks[4, 5] found
that the Englishcompriseshorterchapterswith fewer words and examples
per page.They incorporatelittle explanatorytext, althoughthere may be
worked examplego overcomethe needfor teachemediation. They place
little emphasion technicalvocabulary andcompriseexercisestypically of
guestionssimilar to the worked example,with little cognitive demandor
obviousscopefor extensionlf, andthe evidencesuggestghis is the case,
English textbooks are so poor in relation to those producedin similar
cultural contexts, then perhapsit is time for governmentto accept
appropriate regulation.

Teachers'beliefs about mathematics,its curricular importance and
teachingpresentan equally dismal picture. An interview survey|[6, 7] of
teachersfrom different parts of Englandfound two-thirds of respondents
espousinga belief that the curricular importanceof mathematicdies in
providing studentswith the skills of applicablenumberpreparatoryfor a
world beyond school. Obviously, there were other perspectives.For
example,a fifth of the cohortexpressedeliefscommensuratevith a view
of mathematicasan exploratoryand problem-solvingdiscipline; a third of
the cohort believedthat the curriculum was a given and that either they
shouldnot be expectedio have opinionsasto its contentor that pursuing
topics of particular interest to them may prejudice their students’
opportunities;a quartersawthe mathematicgurriculumasa functionof the
children they taught— the more able the child the more he or she should
experiencemathematicsrather than, essentially,numeracy.By way of
contrast,the samestudy found the whole Hungariancohort arguing that
studentsshould learn about the structural propertiesof mathematicsand,
importantly,how to think mathematicallyandto solveproblems Evenwhen
they alludedto preparingstudentsfor a world beyondschoolthey spoke
aboutthe skills of logical thinking derivedfrom learningmathematicsThis
very different Hungarianperspectiveon mathematicpresentsme with an
opportunityto introduceinto the discussiora probleml encounteren one
of my first visits to Budapest.

A grade6 teachetbeganhis lessonjn typical Hungarianfashion,with a
public discussionof a problem posedthe previousday. It was basedon
determininghow many isosceledrianglesof area9 cm?, with eachvertex
locatedat a Cartesiangrid point and one, in particular,at (3, 1) could be
found. Collectively, with the teacherdoing little but managestudents’
contributions,the classcollectively agreedthat the key dimensionsof the
triangle,baseandheight,hadto be factor pairsof eighteenthe basehadto
be evenin orderfor the third vertexto lie on a grid point; and that three
families— base2 andheight9, base6 andheight3, basel8 andheight1 —
satisfiedthesecriteria. Finally, for eachfamily, the point (3, 1) could be any

© The Mathematical Association



The Mathematical Gazette November 2012

of the three verticesand, having fixed a particularvertex, rotationsabout
that vertex would yield a further three trianglesto give four trianglesfor

eachvertexat (3, 1). Thus,eachfamily comprisedwelvetriangles,giving a

total of 36. Suchproblemsexemplifya mathematiceducatiortraditionwith

problem-solvingat its heart.Suchproblemsintegrateseveraltopicsin ways
thatallow for frequentrevision of ideascoveredearlier;they offer learners
opportunitiego engagen high level mathematicatleasoningandrepresena
very different perspectiveon mathematicakbxercisedrom thosedescribed
above by Kaiser and her colleagues.

Thus, from variousperspectivesEnglishchildrenappearto experience
anintellectuallyimpoverishedorm of mathematicsA recentvideo studyof
mathematicgeachingin England,Flanders Hungaryand Spainfound that,
in comparisonwith their EuropeancounterpartsEnglish children rarely
experiencednathematicsas a connectedbody of knowledgeor notions of
efficiency and eleganceas worthwhile objectives[8]. Moreover, English
teachers,while exploiting some didactical strategieslike explaining and
coachingin proportionscomparablédo their Europearcolleaguesrarely ask
guestions that challenge students' thinking or exploit students' prior
knowledgein ways that help them see connectionswithin and between
topics [9]. Thus,if English mathematicss in crisis, and| believeit is, it
would seemappropriateto look to other systemsfor possiblesolutions.
However, knowing where to look is another problem altogether.

In this respectit was encouragingto note, as part of its approachto
curriculum reform, that the currentgovernmenthasindicatedexplicitly an
interestin how ‘high performingjurisdictions’ presentmathematicgo their
children. One obvioustemptationis to examinethe resultsof TIMSS' and
PISAT for likely candidatesindthe governmentas,for reasondestknown
to itself, identified Singaporeas one sourceof ‘adaptive potential’ [10].
However,| arguethat Singapords so culturally differentfrom the UK asto
makeit a worthlesslocation for understandindiow systemicmathematics
succeszanbe achieved Singapords unigue.lt is small. At 697 km2, it is

* TIMSS, the Trendsin InternationalMathematicsand ScienceStudy, is a large scale
internationaltest of mathematicsand scienceachievementfirst undertakenby the
InternationalAssociationfor the Evaluationof EducationalAchievementn 1995and
repeateceveryfour years. The outcomesf TIMSS 2011areduethe endof 2012. In
respectof mathematicsjts primary focus is the assessmentf students'abilities to
perform standardmathematicatasksin grades4 (Year 5) and 8 (Year 9). In my

opinion, TIMSS is able to alert us well to how our students perform of different topics.

t PISA, the Programmeof International Student Assessmentjs a large scale
internationalassessmermf 15-yearold studentiteracy, mathematicaliteracyand
scientific literacy. Managedby the Organisatiorfor EconomicCooperatiorand
Developmentit wasfirst undertakerin 2000andis repeatedverythreeyears. It
is an attemptto assesstudents'subjectcompetencesn authenticor real-world
contexts. PISAis increasinglybeingusedasa benchmarlof a system'ssuccess.
In my opinion, dueto the natureof its assessmeritems,an over-relianceon the
results of PISA to drive policy is misguided.

¥ Al figures can be found at https://www.cia.gov/library/publications/the-world-factbook/
index.html
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oneof the smallestcountriesin theworld andyet, at $59,900,it hasthe fifth

highestper capitaGDP in the world. By contrastat $35,900,the UK’s per
capita GDP ranks 34" on the international scale. We are poor by
comparisonMoreover,whenits neighboursMalaysia($15,600),Thailand
($9,700)andIndonesia$4,700),areconsideredit is not difficult to seethat
thereis somethingspecialabout Singapore.And one of the most special
things about Singapore is that

“low-paying... jobs are doneby Malaysianswho daily cross
thetwo bridgesconnectinghe countriesto work in Singapore;
by large numbersof Philippine womenwho cometo work in

Singapore)eavingtheir families behind...who, evenin low-

payingSingaporgobs,canearnfar morethantheycanin their

home countries. These workers have children, but their

childrenaretestedin their homecountries,not in Singapore.”
[11, p. 668].

In short,agoodcurriculumincorporatingfor example ppportunitiesor
problem-solvingat all levels of the studentexperiencewhich Singapore
appearsto have[12], is not necessarilya guaranteeof systemicsuccess.
Beingrich may help, althoughthis is not alwaysthe case asan examination
of Norway's performance on international tests shows.

A countrytypically construedasworthy of investigationis Finland.So
well publicisedhave beenits successesn the four reportediterationsof
PISAthatit hasattractedenvoysfrom aroundthe world [13]. Amongthese
has been Ofsted, England's schools' inspectorate, whose visits have
culminatedin reportson the teachingof mathematic$14, 15], indicating,in
the oblique mannerof civil servantsthat repeated=innishsuccessnay not
be due to pedagogicalexcellenceand the quality of the mathematical
challengespresentedo students.Interestingly,the Finns themselveshave
attributedtheir PISA-relatedsuccesseto variousfactors.Firstly, they have
lauded,with justification, the comprehensivechoolsystemwhich is based
on equity for all, irrespectiveof gender,social statusor ethnicity, and a
compulsorynine yearbasiccurriculum[16, 17]. Providingeducationo age
16, a typical comprehensiveschool is local to the student,small, well-
equipped18] andsulfficiently fundedfor it to providefree schoolmealsfor
all [13]. Studentswho are neithertracked[19, 20] nor streamed?21, 18],
aretaughtin schoolstypically construedaslearningandcaringcommunities
[22, 23]. Interestingly,the right to choosethe schooltheir children attend
hashad little influenceon parents'decision-making24] and reflectswhat
canonly be construedasan enviableprovisionin a countryin which there
is, effectively, no independent educational provision.

A secondfactor concernsthe extensiveand integratedprovision for
specialeducationalneedsstudents.This involves around1 in 6 students,
requiresno formal statemenbdf need,beginswhendifficulties ariseandhas
bothreducedhe stigmaof specialneedsandpromotednclusion[21, 25]. It
is typically focused on supporting pupils’ mother tongue and basic
mathematicakkills [26, 27]. Importantly, since PISA and Finnish special
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educatiorbothfocuson the sameareas- literacy andmathematicproblems
located in a textual narrative — “it seems plausible that the special
educationakystemin this countryplaysa positiverole in relationto PISA”

[26, p. 276], not leastbecausd-innishstudentsmathematicaord problem
competence is a function of their reading competence [28].

Thirdly, Finnishteachersare talentedand continueto enjoy high public
esteem[16, 23, 29, 30], being consideredorofessionalsvho know what is
bestfor their studentg22]. Teachings a popularcareerchoiceamongschool
leavers.eventhoughfewerthan20% of applicantsaresuccessfu[13, 31]. A
master’'s degree, requiring 4 to 5 years to complete, is an essential
prerequisite[13, 19, 31, 32], ensuring“an academicallyhigh standardof
educatiorfor prospectivaeachers[33, p. 29], a conditionthathasbeenwell
received by teachers who see it as enhancing their professional status [32].

Thus, it would seem that the Finns have created an educational
infrastructureappropriatefor high levels of systemicachievementwhich
hasbeenmatchednot only by high meanPISA scoreshut alsothe smallest
betweenschoolvariationof all OECD countries[20, 21, 34, 35]. However,
despitesuch, rather heroic, claims, there are dissentingvoices amongthe
academicmathematicscommunitiesconcernedthat PISA successmasks
structuralproblems For example Finlandhasparticipatedn oneof the four
TIMSS whoseresultshave beenpublished. TIMSS 1999, as haveall the
TIMSS studies assessedtudentstechnicalcompetencen five broadtopic
areasof a typical mathematicscurriculum. While Finnish overall grade8
performance520, was averageby Europeanstandardsts performanceon
geometry, 494, and algebra, 498, was poor and construedby Finnish
academicssreflectinga declinein the mathematicaknowledgenecessary
for studentsto continueto higher education[36, 37], not least because
earlier deductive approachesto mathematicshave been replaced by
proceduralapproacheghat have marginalisedlogical thinking, elegance,
structure and proof [38].

So, what sensecan be madeof this apparentlyconflicting evidence?
Oneanswellies in the natureof PISA'sassessmenrocessePISA assesses
15 year-old students’application of subjectknowledge— mothertongue,
mathematicsand science- to authenticor real-world situations[39]. Its
problems typically incorporatingelementarymathematicatopics,aresetin
textual narratives.The evidenceindicatesthat Finnish studentsare better
able to extract from the text and perform accurately these simple
mathematicaprocessethanstudentselsewhereHowever,this typical form
of PISAtestitem impliesthatsuccessnay be morea functionof a student’s
comprehensiorthan mathematicalexpertise.Not only would this explain
Finnish PISA successbut also why its performanceon TIMSS was, in
relativeterms,poor. Supportfor this conjecturecanbe foundin ananalysis
of Finnish culture. The Finnish people have a strong collective identity
deriving from successiveperiods of Swedish and Russian colonialism
lastingfrom the mid-thirteenthcenturyuntil independencen 1917[33]. For
more than four hundredyearsreadingcompetencevas a prerequisitefor
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receivingLutheransacramentdailure in the public examinationpr kinkerit,
meant a denial of permissionto marry. Consequently,Finland has,
essentiallyno illiterate underclas@ndtakespride, collectively, in its being
a culture with an appreciationfor educationand high expectationswith
respectto personalresponsibility[21, 40] — the Finnishlibrary networkis
amongthe densestin the world, with Finns borrowing more books than
anyone else [23].

This deep-seatectultural influence is highlighted further when one
looks beyondheadlinefiguresFinnishPISA performanceFinlandis largely
monocultural although, in addition to the traditionally itinerant Sami
populationin the north, thereis a substantiaSwedish-speakingiinority in
the west. The Swedish-speakingommunity is a legacy of colonial times
and is a particularly powerful economic group. For example, despite
accountingfor lessthan six percentof the population, Swedish-speaking
Finnsaccountfor a disproportionate4 percentof boardmembersof the 50
largestcompaniedisted on the Helsinki stockexchangd41] andinvest,per
capita,threetimesasmuchin sharesasFinnish-speakindgrinns[42]. In such
circumstancesas would be the casealmostanywhereelsein the world, it
would be reasonabléo expectsuchan economicallyelite groupto perform
more highly on tests of educationalachievementthan the rest of the
community. Yet, the figures of table 1 show clearly that this is not the case.

Finnish-speaking Swedish-speaking Swedish-speaking
Finns Finns Swedes
541 527 494

TABLE 1: PISA 2009 mathematics literacy scores for three cultural groups

Despite being taught the same curriculum in equally well-resourced
Swedish language schools [43], Swedish-speaking Finns perform
significantly pooreron PISA andinternal FinnishassessmentianFinnish-
speakingFinns [44] — a finding compoundedby evidencethat Swedish-
speakingSwedegerformevenmorepoorly. Thus,oneconcludeghatthere
must be somethingabout the Finnish-speakingcommunity that not only
distinguishesit from others, not least becausein most countries the
economicallypowerful typically achievemore highly than the rest of the
populationbut also makesit a lessthan helpful site for an explorationof
adaptive potential.

Additionally, when analysesof Finnish classroomsare taken into
consideration,there is little evidenceto suggestthat Finnish teachers,
despite the quality of their schools and professional training, are
pedagogically exceptional. For example, Finnish teaching has been
describedas a teacher-dominategractice that has changedlittle in fifty
years[45]. Despitevariouscurricularreformsadvocatinga “diversification
of teachingmethods”alongsidea shift of emphasigrom “routine skills onto
developmenbf thinking” [46, p.11], an externalreview commissionedyy
governmentfound a conservativeworkforce, uncertainhow to adaptto
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expectecthangescontinuingto teachasit alwayshad[47]. More recentlya
prime ministerial initiative aimed at improving mathematicsteaching
through substantialin-service opportunitiesfor teachersseemsto have
resulted in little change [48], particularly with respectto systemic
expectations of mathematical problem-solving [49].

Such problemsremain. For example,an interview study of Finnish
teacherducatordounda concernthatmanyteachersstickingtoo rigidly to
the textbook,presentboring mechanicallessong50]. Moreover,the same
study found evidence that, despite initial enthusiasmsfor alternative
approacheso mathematicgeaching,many newly qualified teachersslide
into similar ways of working. Such perspectivegesonatewith my own
experiencesof Finnish classroomsderived from analysesof videotaped
sequencesf lessongaughtby competenteacher®n topicstypically taught
to studentsn the agerangel0-14.Finnishteachersappearto work within a
tradition of implicit didactics.They appearto offer definitions and model
solutionstrategieswithout evermakingthingsexplicit. They rarely, if ever,
seekor offer clarification during public discoursetypically leavingstudents
to infer whatevermeaningthey canfrom suchexchangesTo supportsuch
inferencesteacherdrequentlyencourageimplicitly andexplicitly, students
to make extensivenotes, supportedby their writing extensivelyon the
board,typically very slowly in capitalletters.Moreover therewasevidence,
in severallessonspf an expectatiorthat studentsvould discusstheir notes
and sense-making at home [51, 52, 53].

By way of example anintroductorylessonon percentageplayedoutin
the following manner.Markku, the teacher beganby writing, very slowly
andin silence, Prosentti (=sadasosd) before commentingthat there are
three ways to denote one hundredth. Write these three ways in your
notebook;write them in an equationform. After abouta minute, Salla,
having beeninvited to the board, wrote without hesitationbut also slowly
anddeliberately,1/100= 1% = 0,01. Markku thankedSalla beforeasking
his studentsfor examplesof one hundredthfrom everydaylife. Partof the
ensuing conversation went as follows:

Markku Where have you met one hundredth. Liisa?

Liisa The circumference of the earth compared with the
circumference of the sun

Markku Yes... Simo?
Simo One hundred percent fat.
Markku Yes... But it can also be one percent fat. Leena?

Leena | have not actually seenone hundredth,but | have seen
percentages in election results.

Markku Yes... For instance there are percentagesn alcoholic
drinks. They contain more than one percent.

In this exchangeMarkku offered no explicit definition but seemedpy

*  Percent (=hundredth)
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way of implicit definition, to draw on Salla’s tripartite equation. His

reactionsto students’responseseemedambiguous.For example,when
thanking Sallafor her equationit was not clear whetherher responsevas
acceptedas accurateor not, for he neither offered nor sought further
comment. His reaction, yes to Liisa’s and Leena’s responsedeft an
observerconfusedas to what he intendedhis studentsto take from the
exchangeas, in both cases,he followed his utterancewith a changeof

directionunrelatedto the contributionsmade.Indeed,the shift of attention
from election percentageso alcoholic drinks seemedparticularly strange,
especiallywhenviewed againstthe agesof his studentsMoreover,having
askeda questionabouthis students’awarenessf onehundredthn reallife,

he seemed content for this to become a discussion on percentages.

Thus, if Finnish mathematicseducationis less exemplarythan PISA
implies,arethereotherEuropearsystemsworthy of study?In this respect)
havealludedalreadyto the qualities of Hungarianmathematicsducation,
but Hungarianperformanceon PISA is only moderatealthoughits TIMSS-
relatedachievementdavetypically abovethe EuropearaverageHowever,
if we areto assumethat the resultsof internationaltestsare indicatorsof
possible sites of interest, then the figures of Table 2 may be of some help.

PISA (Agel5) TIMSS (Age 14)

2000 2003 2006 2009 1995 1999 2003 2007
Finland 536 544 546 541 --- 520 --- ---
Flanders 543 553 541 537 565 558 537 ---

TABLE 2: Finnish and Flemish mathematics performance on the published PISA and
TIMSS tests.

From the perspectiveof PISA it can be seenthat Flemish students
performedas leastas well asthe much laudedFinnish. In fact, the mean
Flemishscoreoverthe four cyclesis higherthanthe Finnish.Moreover,on
thethreecyclesof TIMSS onwhichit participated Flanderswvasthe highest
performingEuropearsystem Sowhy hasFlandersot beensubjectedo the
samescrutinyasFinland?l think theremay betwo reasonsFirstly, Flemish
performanceon PISA is not widely known becausethe OECD reports
Belgiumasa whole, a processvhich hasmasked-lemishperformanceFor
example the Belgianscoresover the four PISA cycleswere 520,529,520
and 515 respectively.Fortunately,academicsat the University of Ghent
have produceddetailedreportson Flemish performanceafter each PISA
cycle [54, 55, 56, 57] andit is from thesethat the Flemishdatahavebeen
extracted.Secondly,the Flemish have not engagedin the self-promotion
activities of the Finns. For example,a news briefing from the Finnish
London embassyannouncedhat “Finland is the most successfuhationin
theworld in educatingchildren” (Januaryl4, 2008),which reflectsthe tone
adoptedn muchof theFinnishresearctpublishedoverthelastdecade- see
someof thetitles of someof the Finnisharticlesin the referencdist below.
Nothing in such a triumphant mode has emerged from Flanders.
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So, what is known aboutFlandersand its mathematicsachievements?
Firstly, despiteits relatively small population,it is denselypopulatedand
moreobviouslymulticulturalthanFinland.While nominally comprehensive,
Flanders operatesa school system differentiated according to whether
schoolsare explicitly secularor Catholic [58]. With respectto secondary
education,the core curriculum, including mathematics,is the same for
everyone However,underteachersandparents’guidance studentslectto
follow vocationally oriented, humanitiesoriented or classically oriented
tracks, and thereis a generalunderstandinghat theseform an academic
hierarchy[59]. Importantly, researcthasshownthat schooltype and track
influence significantly the mathematicalearning of Flemish studentg[58,
60,61, 62]. Thus,in relationto the UK, Flanderanaybe a moreappropriate
research site, particularly from the perspective of its multicultural
demographic and plurality of educational provision.

Despite its having a very active and well-regarded mathematics
educationresearchcommunity, particularly at the Catholic University of
Leuven,little hasbeenpublishedto explainFlemishPISA successandsoit
remainsa site of untappednterest.However,the evidenceof my own work
[8, 9] hashighlightedseveralkey issuedikely to underpina securdearning
of mathematicsFirstly, Flemishteachersplacea very strongemphasison
students’ acquisition of conceptual knowledge as the basis for later
proceduralskills. Secondly,in making frequentreferenceto links between
and within topics, they attend explicitly to the broader structural
relationshipsof mathematicsThirdly, they regularly encouragestudentsto
engage,typically in the public domain, with mathematicalreasoning.
Fourthly, Flemishteachersonstantlyengagen high level questioningand
the activationof their students’prior knowledge.Fifthly, they explainand
coachin similar, high, proportionsof time. The totality indicatesnot only a
sophisticated pedagogicaltradition but one in which conceptual and
proceduraknowledgeare developedsimultaneouslywith the former being
privilegedasthe basisfor the latter. Interestingly althoughthis would have
hadlittle seriousimpacton Flemishstudentsperformanceon eitherTIMSS
or PISA, therewas little evidenceof studentsbeing encouragedo solve
non-routine problems.

By way of example,andto highlight differencesbetweenthe Finnish
and Flemish approachesthe following extractderivesfrom the first of a
sequencef lessongaughtto a grade5 (year6) classon percentagesmke,
the teacherbeganby inviting her studentsto sharethe percentage-related
artefactsthey had broughtfrom homebefore askingquestionsto elicit the
extentof their understandingf the relationshipsembeddedn them. For
example,in the contextof a yoghurtpot containingnine percentfruit, she
askeddoesthis meanthereare nine piecesof fruit in the yoghurt?Wouldit
makea differencef the potwerelarger or smaller?Fortheremaindeiof the
lessonsheexploitedbaseten numberblocks.In the first instancesheasked
studentdo takefour hundredsandplacefive cubesin front of eachhundred.
A shortdiscussioried to herwriting, what shecalledthe formulation, (five
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for each 100) of 400 on the board. Severalrelatedtaskswere completed
similarly, including, for example (8 for eachhundred)of 450, beforeEmke
shifted attentionin variousways. Firstly, sheinvited studentsto construct
concretemodelsfor different formulations.Secondly sheaskedstudentso
stack their blocks rather than lay them side by side. That is, with
formulationslike (5 per100) of 300 shenow expectedstudentgo work with
a stackratherthanseparatelplacedhundredsquaresThirdly, shepresented
various concrete representationsfrom which students had to derive
formulations.Fourthly, shedrew representationgpr example threesquares
with two in front of each,and invited studentsto write the formulation.
Finally, she offered, orally, exampleslike two for every hundredof three
hundredand askedstudentsto write both diagramsand the formulations.
Throughoutthe lessonwhich lastedaroundforty minutes,Emke’sattention
was on the conceptual basis of percentages.Each task was solved
individually before being discussedcollectively. The various shifts of
attention reinforced this conceptual objective. Interestingly, her
formulations, every one of which was written on the board, trailed the
procedure she would introduce the following lesson, but for now
procedureswhile implicit in what she did, were subordinatedo a deep
conceptuaknowledge.The underlyingprinciple of mathematicseachingin
Flandersseemdo benotto rushtoo quickly into teachingprocedureshut to
allow the concepts to develop first.

Thusfar, | havetried to showthatanuncritical relianceon international
tests of mathematicalcompetencemay not be the most helpful way of
identifying appropriatesourcesof adaptivepotential.In so doing | have
highlighted what | believe are the inadequaciesof both Singaporeand
Finland but leave Flanders open to further investigation. Importantly,
underpinning this paper has been the inevitable concern, as someone
committedto improving the quality of mathematicgnstructionin English
schools, that what | may desire may conflict with, say, the aims of
governmentln this respect] suspecthat TIMSS is of moreinterestto me
thanPISA, while the conversemay be true of politicians.My objectiveis to
find ways of inducting as many studentsas possibleinto an intellectually
worthwhile engagementwith mathematicsin ways that encourageand
sustain students’ interestsin the subject beyond compulsory schooling.
Governmentsfor reasongd still do not understandseemfocusedon PISA's
dubiousoutcomes- not least,| suspectbecausethe OECD assertsthat
PISA successimplies economic growth. For example, shortly after
publishing the results of PISA 2009, the OECD announced that

“A modestgoal of having all OECD countriesboost their
averagePISA scoresby 25 points over the next 20 years...
implies an aggregatagain of OECD GDP of USD 115trillion
overthe lifetime of the generatiorbornin 2010...Bringing all
countriesup to the averageperformanceof Finland, OECD’s
best performing educationsystemin PISA, would result in
gains in the order of USD 260 trillion” [63, p. 6]
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Againstsuchpowerful,andseeminglyunwarrantedargumentst is hard
to sustaina thesisthat the interestsof mathematicsare better servedby
TIMSS thanPISA, andyet | think it is clear, studentsvho succeedn the
variousTIMSS assessmentremorelikely to understananathematicghan
thosewho succeedn PISA. Thisis anissuethe Finnsareslowly comingto
accept. Indeed, as Tarvainen and Kivela observe,

“one hasto considerthe possibility that the first placein the
PISA studyis a Pyrrhic victory: arethe Finnishbasicschools
stressingoo muchnumericalproblemsof thetype emphasized
in the PISA study, and are other countries,instead,stressing
algebra, thus guaranteeing a better foundation for
mathematical studies in upper secondary schools and in
universities and polytechnics” [37, p. 10].

Finally, in the sameway that throughoutmy life, despite frequent
explorationsof othercomposersandtheir distinctive perspectivesn musicl
alwaysreturnto Bach,| returnto my first professionalove, Hungary.The
didacticalskill of Hungarianteachersbasedon a profoundunderstandin@f
mathematicatonceptsandtheirinterrelationsjs to mathematicsvhatBach,

“the immortal god of harmony” (Beethoven1801in [64]), is to music.lt is
peerless. | close by offering two examples of exquisite Hungarian teaching.

Thefirst examplefor which | offer thanksto JenniBack,derivesfrom a
gradel class(Year 2) working on numbersequenceslt beganwith the
teacher, Klara, writing the following on the board

3 7 6 10 _ _ _ _ _
Klara askedher childrento readthe numbersbeforeaskingthemto identify
the rule for the sequenceStudentsvolunteeredhat the first jump wasadd
four, the secondwas subtractone, add four and so on. The classthen
predicted,and Klara wrote in the spaces,that the next numbersin the
sequence were 9, 13, 12, 16 and 15.

This was followed by a seriesof questions.geachlinked to one of the
numbersof the sequencer-or example hinewasthe answerto | amthinking
of the largest one-digithnumber,who am I? Having beengiven the correct
answer Klara wrote a capital‘l’ abovethe number.Otherquestiongelated
to thevalueof a particularCuisenaireod, andconceptdike morethan,two
digit number, double, the sum of the digits, smaller neighbour, bigger
neighbour the differenceof the digits. EachcorrectanswerpromptedKlara
to write a capital letter above the corresponding number.

Finally, with all baronenumberhavingbeenaccompaniedby aletter,Klara
asked her students to suggest properties for 10. Their propositions included
It is the bigger neighbour of 9.
It is the smallest 2-digit number.
It is the smaller neighbour of 11.
The sum of its digits is 1.
It's an even number.
It is the sum of the 1 and 9.
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Klara: Yes, it is the sumof the 1 and9... andwho knowsthe letterin my
hand?

Chorus: SZ
Klara: Yes, so where are we going today?
Chorus: Babszinhaz (puppet theatre)

Eachtime | watchthis clip, and| haveon severaloccasions] smile. |
havewatchedmany Hungarianlessonsand smiled. But | haverarely done
the samein England classroomsand this makesme sad. When | have
smiled, as in the cloakroomticket episodeabove,it has beenfor all the
wrong reasons.This episode,it seemsto me, was a delightfully self-
containedsequenceén which Klara exploiteda very simple startingpoint to
thefull. Havingidentified the rulesandcompletedthe missingnumbersshe
continuedto usethemin a variety of wayswithin the largernarrativeof the
lesson— a narrativethat can be construedboth literally and figuratively.
Almost every child in Klara's class was publicly involved. Like the
triangular problemdiscussedat the start of this paper,it embodiedmany
concepts,each of which would have been visited regularly during a
sequenceof lessonsin which Klara only ever exposedher studentsto
integersup to twenty. There was no expectationthat they should learn
algorithmsbeforethey had acquireda well-developednumber sense’[65,
66, 67]. Therewereno lessonobjectiveson the board,althoughthe lesson
was clearly driven by many, andtherewere no succes<riteria. Therewas
no interactivewhiteboardobstructingthe exploitationof the mostimportant
resourcesin any classroom— the subject matter and pedagogiccontent
knowledgeof theteacherandthe engagemendf herchildren.In this respect
both teacherand childrenseemechappyto be participantsin this emergent
mathematical community.

The secondexamplederivesfrom the secondlessonof a sequencen
the teachingof linear equationseportedby Andrewsand Sayerg[68]. The
teacherEmesehadposeda problemconcerninghe delivery of potatoego
the school’skitchen. It went: On two consecutivadaysthe sameweight of
potatoeswvasdeliveredto the school'skitchen.On thefirst day 3 large bags
and 2 bagsof 10kgwere delivered.On the secondday 2 large bagsand 7
bagsof 10kgweredelivered.If the weightof eachlarge bag wasthe same,
what wasthe weight of the large bag? A discussionensuedrom which it
emergedhatanequationcouldbe constructecaindthatx kg would represent
the weight of the large bag. Shortly after this a volunteer wrote
3x + 20 = 2x + 70 on the board.Next, having establishedy meansof a
seriesof questionsthat intuitive strategieswere now insufficient, Emese
drew a picture of a scalebalancewith the variousbagsrepresentean both
sides.Drawing on a student’ssuggestiorshe erasediwo small bagsfrom
eachside, leaving a representatiorof 3x = 2x + 5. Next she erasedtwo
largebagsfrom eachsideto showonelargebagbalancings small. Then,in
responseto her request,studentsvolunteeredsufficient for her to write

*

In Hungarianthe juxtapositionof s andz in this mannerconstitutesan alphabetic
letter linked to the sound of s in the English word sit.
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alongside her drawings:

3 +20=2x+70 |-20
X =2x+5 |-2x
x = 50.

Finally, Emese reminded her class of the importance of checking and did so.

| havealwaysregardedhis was an extremelyelegantand didactically
powerful piece of teaching.Admittedly, there is some scepticismin the
mathematicseducationresearchcommunity regardingthe efficacy of the
balancescaleasan embodimensuitablefor equationstypically drawingon
the argumentthat it cannotadequatelyrepresentnegativeamountsor is
unfamiliar to studentsusedto electronicscales[69]. However,| think that
the waysin which Emeseand her studentananagedhis andlater episodes
dismissboth criticisms. Sowhy is it didactically powerful? Firstly, Emese
built her expositionon a word problemthat gavecontextto the algebrashe
intended to introduce. No-one in the class seriously thought she was
attemptingto modelreality; it wasa realisticproblemin the tradition of the
Dutch realistic mathematiceducation[70]. Thatis, it was an ‘imaginably
real’ problem designed to scaffold students’ access to powerful
mathematicaldeas.Secondly havingpreviouslyrehearseanentalsolutions
to equationswith the unknownon one side of the equalssign, shedid not
attemptto teachformal approachego such equationsbut highlighted the
needto do sowith anequationdueto its havingthe unknownon bothsides,
too difficult to solve by intuitive methods.In otherwords, she provideda
clear warrantfor her formal exposition. Thirdly, the ways in which she
linked the variousrepresentationfurther scaffoldedstudents’accesdo the
ideasbeingintroduced.In this respectthe removalof the samenumberof
bagsfrom both sidesalludedvery clearlyto the principle of doingthe same
to both sides.Fourthly, she remindedher classof the needto checkthe
result obtainedagainstthe original wording of the problem. Fifthly, the
whole episodedasteda few seconddongerthanfive minutes.It wasvery
efficiently managed but never felt rushed.

Interestingly this lessonwasvideotapednorethana decadeafter| had
observeda lessontaught, on the sametopic, by a different teacherin a
differentschool[71]. The only differencewasthat he actuallybroughta set
of scalesinto the classroomand madeevenmore explicit the link between
what Bruner [72] described as the enactive, iconic and symbolic
representationssuchsimilarities bring me to anotherimportantissueto be
consideredvhenexaminingthe adaptivepotentialof onecountry’spractices
for another’s. Hungarian teachers operate within an accepted and
collectively understood didactical tradition. There is little sense that
individuals teacha topic in idiosyncraticways they think will work, asis
commonplacean England,becausehey understandvhy they do thingsin
the ways they do and, importantly, acknowledge their collective
responsibilityto those teacherswho inherit their studentsin subsequent
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grades.Can UK governmentsafford to continueto avoid a prescribed,
assuming it is appropriately warranted, pedagogy?

In closing | offer somethoughtsaboutwhat a good curriculum might
entail and how it may be taught. They derive not only from the material
presentedabove but from twenty years of observing classroomsand
scrutinising the literature pertainingto effective mathematicseachingin
different cultural contexts.They are presentedwithout commentary,as |
believethey speakfor themselvesand offer a strongsteerto policy makers
in this country, should they have the courageto grapple with them.
However, one issue, missing in all the above,is that the UK constantly
stealsits children’s childhood. The Finns do not sendtheir studentsto
school until they are sevenand do not start teachingformal mathematics
until they are eight. This is not unique;no other Europeansystemexpects
childrento startschool,not formal mathematic$ut school,beforethey are
six, let alonefive. Thereis, it seemgo me, a perversdrony thatsuccessive
UK governmentshave seenearlier and more formal interventionsas the
solutionto UK underachievementhis really is one issuewhere political
and popular rhetoric, despite their convergence, defy all the evidence.

A good curriculum expects

0 Mathematics to be built on sound conceptual foundations.

0 Studentsto acquire a secure number sense before
introducing arithmetic.

o0 Mathematics to be difficult.
Mathematics to be a problem-solving activity.

o0 Problems to exemplify generality and problematise
particularity.

0 Teachersto develop rather than state concepts and
procedures.

Teachers to make connections within and between topics.
Students to engage with proof and justification.

Teachers to encourage mathematical vocabulary.
Applications to be subordinated to mathematics itself.

Mathematicalideasto be revisited constantlywithin the
problems offered.

o

O O O oo

And pedagogically

0 Teacherexpectto teacheachclassasa unit— within class
differentiation is an alien conceptin most European
systems.

0 Teacherstake their time; in many countriesthe fewer
problemssolvedduring a lessonthe better,it meansthey
have been done properly and with understanding.

0 Teacherstalk, or managethe talk of others, for the
majority of a lesson.
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0 Students are expected to operate in a public domain.

Students spend relatively little time working alone.

0 Routine exercisesare few - teacherspresenta few
carefully selected and challenging problems that
incorporate systematic variation from one to the next.

o Homeworkis frequentbut short and bridges successive
lessons.

o

If governmentis seriousin its attemptsto reform the mathematics
curriculumthenit will needto accountnot only for the mattersdiscussed
abovebut alsothe evidencethat teachersvork within threecurricula[73].
They work within an intended curriculum reflecting the knowledgeand
skills privileged by the systemin which they operate;they work within a
receivedcurriculum,amenableonly to inference reflecting the hiddenand
culturally derived beliefs and practicesteachersacquireby dint of being
who they are; and they work within an idealised curriculum, which is
articulable, and reflects individual teachers’personaland experientially
informed beliefs. Reformwill fail if attentionis paid only to the intended
curriculum. The long-standingand collective practicesof the received
curriculum are slow to change,as highlighted abovein the disappointing
espousedbeliefsof manyEnglishteachersAny seriousreformwill needto
acceptthat overcoming such deep-seatednd largely counter-productive
beliefs will be an expensiveand long term enterprise— sendingselected
individualsfor a few days’ trainingin the expectatiorthat they will, to use
thatawful word, ‘cascade'o colleaguess naiveand,essentiallya wasteof
public money. Finally, teacherswill needto be persuadedhat proposed
changescan be made idealised. That is, until teacherssee value in the
proposalsaandcanfind waysto integratetheminto existingarticulablebelief
and practice frameworks, curricular intentions may be prone to subversion.
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