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P.N.RUANE

Over sixty years ago, a schoolmastr by the mame of A. P. Rollet set a
problem for  lower fifth form class which was nwitingly based upon the
famous Archimedean problem of the Arbelos. This caused his pupils
substanial difficulties and eventually it prompted Rollet 1o send a Note [1]
to the Mathematical Gazette secking the mathematical insights of the
readership regarding this question. He received very helpful responses from
over twenty readers whose mumbers included many notable mathemaiians
of the day such as E. A. Maxwell, E.H. Neville and R. S. G. Rutherford etc.
Solutions were also received from o members of the clergy. (Canom)
D. B. Eperson and the R Revd the Bishop of Kootenay, which may sugsest
that this problem was of sufficient inractabilty 2 o be deserving of divine
inspiratont But this was not. the end of it because, during the next tventy-
three years, there followed 4 series of very inieresting related noies and
anicles continuing up o 1960 all of which made reference 10 Rollet’ initial
‘hamework problem of 1937

These facts are now uncarthed because recent nofes from Seamus
Bellew [2] and Mark Harvey [3] reminded me that, somewhere in my
collection of back ssues of the Gazette, | hud long 2g0 seen several iiems
‘which focused upon the sume ideas; and, lthough his collection s far from
complte, [ have been able 1o lay hands on ten of the articles which replied
1o Rollew’s initil enquiry. Reading them, one is struck by two things:
firstly, the vaiety of methods used 10 examine such problems, and secondly.,
the interesiing range of results which they offer. In foct, some of these
aricles make historical ssides which lead one fo believe that problems
which concern  sequences of fangemial circles have quite an extensive
history which indeed commences with Archimedes (snd possibly carlcr).

So, the purpose of this articke is fo provide a skeich of the overall
histary ofthis aspect of elementary geometry; to summarise the main results
‘which accrue from it and 1o identify the metheds which were used 10 obiin
them. At the same time, there is the matter of bringing together, and
developing, the collecion of ideas on this topic which, so far 1 | can
ascertain, have been published in the Gazette between 1937 o the present
day.

Archinedes (287 BC-212 BO)

Some of the carlest and most well known problems which involve
sequences of touching circles relate 1o the *Arbelos’, the Greek ward for a
shoemaker's knife which was used by Archimedes 1o describe the shaded
region which is bounded by the semicircles whose diameters are AB, BC and
AC shown in Figure 1. Appearing 2 Proposition 4 in the Book of Lemmas
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Archimedes” solution is short and 10 the point, relying 3 it does upon
his use of the theorem for intersecting chords ogether with the expansion
AF = AN’ + NB + 2ANNB.

However, there are several other propositions which relate 1o the
Atbelos configuration and Proposition 6 introduces a fourth circle which is
tangent to the three semicircles 15 in Figure 3. The aim here is 1 find the
relaion berween the diameter GH, of the fourth circle, 1o AB. Archimedes.
showed that the value of GH is obiainable no matier how C divides AB. In
fact,if AC :CB = k:1then

GH : AB =k :1l+k+k. &

Gazere 1937

The carliest reference in the Gazetie 1o Arbelos-type problems (dhat |
have traced) seems 1o be the note from A. P. Rollert [1] entitled *A curious.
rectangle’ and it derived from the problem which he gave 1 his lower fifth
formers around that time (some of whom may be readers of his journal
today). It referred to Figure 4 which is the case with k = 1 from the
Archimedes diagram above and it was worded s:

“Circles a, f, 7, 8 have centres A, B, C, D and radii 0,0 /2, ¢, d.

Caleulate .

A8
FIGURE4

Rollett eported that the value for ¢ was “easily found 10 be a/3" but that

there was only ane correct response s 10 the value of d (= a/6), yet this

was achieved by sssuming that ABDC is a rectangle. Having asked the class.

1o jusify this sssumption, Rollent was scemingly surprised that all the





[image: image3.png]solutions were based upon the measurement of lines or angles
Consequently, he “posted” the problem with a wider invitation o include.
sinth formers. He mentioned ™o particular proofs, one from 4 “science
specialist” whose proof showed two ellipses with foci (4, 8) and (A, C)
which intersect at D but details of this were not shown ss part of Rollet’s
note. (This boy’s solution would have constitued a very interesting article
in its own right) He also refered to_another solution from 2 ‘maths.
specalist’ whose proof relied upon inversion.

Gazette 1938

In 1938, Rolett [5] described some of the twenty responses fo his Noie
‘which included, from one responden, 4 theorem which srises from he four
“Kissing circles” and was atributed 1o F. Soddy [6]. This thearem state that,
if hree given cirles are mutvally ngent, then there are two possible circles
‘which are ngent 10 those given three and whase radii may be sscertined
a5 roots of the quadratic which arises from the equation

(2 }) -2xi @
Ao in the sume editon there sppeared a note from E. . Neville [7] which
a2 lngthy, sophisicued proot (o the fact hat ABDC is & rctangle
‘which employed, Amonga: ther ting, he notons o ‘radical cenes” ad
ot cenres of smilay”. Apparendy. Nevil 0ld Rl and wilh some
indignadon, tat any boy who. could ot fallow his proof showld no be
doing matheraiics.

Equation (2 is discussed lte i this aice but it i worh noing that it
bokds te éven I one of e cirdles  an ieal cide (L6, 2 Srafght 1ne, n
‘which cuse & could form he basis of an aiemaive approach 10 e soluion
o problems such s hat menioned by Seamus Belew [2] where 1 cold be
employed recuretly for the calclation of i of succsssive crcls.

Apollonius (225 BC-175 BC)

The problem of Apollonius s 10 construct, with ruler and compass, 3
ircle which i angent to three given circes. Acconding o Coolidge [3] it &
ot known with any certainty how Apollonius solved this problem but Heath
191, wsing clues provided by Pappus sin hundred years lter, provides @
reconstrucion of the ype of proof which was likely to have been used by
‘Apollonius. Being 3 uler and compas problem, the oluton depended only
upon the constrction of lines and circles, whereas Newion, Viets and
Huygens, perhaps in the same vein s Rollet’s pupil, ae reported 10 have
subsquently solved this problem by means which involved other conics.
Obviously, the reevance of the Apollonius construction is that i guaraniees
the existnce of successive tangentil circes within the Arbelos.

Depending upon the relative positons of th intial three circles, there
ane cight soluions to this problem of which four ae displayed in Figure 5.
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In Book IV of Pappus’ Marhemarical Collection (Heath, [9) there is a
development of the Arbelos problem which was based upon that begun by

FIGURE S

Archimedes. This consisied of the creation @ chain of touching circles
enclosed wihin the Arbelos @ shown in Figure 6 and from which Pappus.
deduced the interesting relationship given by the equation

= 2 )

where 7, i the radius of the nih circe, C,, and J, s the distance from its
centre 10 4B,

Pappus” proof is long but Heath gives a shorter version of it which, even
5o, spreads over several pages. Pappus actually referred to this as an “ancient
proposition’ and his methodology seems typical of classical Greek
seomenry. But Coolidge is convinced that Pappus had @ clear grasp of
“modern’ concepts such 1 cross-ratio whilst other writers affirm that he also
had a working knowledge of projective involutions and possibly inversion.
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T 1960, and pardly in eporse 1o Rolle’s Note, there appeared an
anice in the Gateie whith wes ented The Sequence of Toucing
Cietes"by John Sately 101 i which he provided an snlyss of the
Fuppus configurion o igure . The mihodogy here imolved cquaions
of cirdes together wih the e of equaton () which emanted from
Sy’ Koomg s reviten s

Lol il n (it
grgrard-Grgered @

wher 4, b . d re e it of h Fourmutally ungental circles

‘The origin of this result has been under some doubt since Coxeter [11]
and Sumery sggest it b e 1 Frederch Soddy [6] whit Brown [12]
iTrms hat Soddy wao merdly 15 populaiserand he e 10 . Pedoe
Whom, e beievee, s ced he rult bk o Descaris. Anyway. th
e farm of cquaion 4 5 used by John Sy wae

_ abe

Thkrardzyarbro
where e pesive rot s aken i he required i, 7, tat o te cirle
i the commen enclosureand all comact ae eror coacs nd e
Iegative roo i

Refening fo Figure 7 in which AB = 2, BC = 2a.d M, N, O'ae
e rspecive centrs of the semiciles of rudi .5 nd R = a+ b
Chocsing coondinate axc trough O, 2 hown. ad obaining eqvtions of
Sloced cinle, the radis ¢, of the st il O in th nclosed cha of
e was obrsined by Satery be

- ©

Rab

T
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Repeated use was then made of eqation (5) 1o generate subsequent values
Rab Rab

R e T

and he correctly surmised withou proof that
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Howeve, a proof could have been achieved by wing sqution (5) 10
ublsh the inuctive sep P(R) = P(k + 1) and it can aso be derived
deductvely by e of version (o falow)

“Again by finding and solving equations o crds, John Saterly drived
e folowing concse expressons for th coanliates o the cene o C,

LRGP -A L 2k

= R+ “Rarwm 2 O
Inerestingly, this value for 3, from equaion (7 confirms e Puppus
elaion of equaion (.

Coninuing where Saierly Ieft o, ave may employ these equtions 1
detemine the o, o he cenre of he cirdes 2 being an elipse whose
cquaton s

[CE. RS S

et weeas i v

e anicle concluded wih a suggssion a 1 the e of nverson but
Saery didn't scnally invoke i wse for the problem. He refered,
boweve. 1 2 dingram ke Figure § bu wing he spocfic minericl valus
a=Lb s
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PRl frhiriar - Miviapriuad mohroglix tdiod
0. s the radi of cirle  (cenwe B)and R = a -+ bis the radis of the
enclosing semi-cicl 7 (cenre $). Then, with his new orientation of axes,
e fallowing vahues v cbrined

2nabi Ra®+ 0)
e A

Rab
whist 6, = 2" (a before).

Another interesting observation made by Satterly was the fact that
Rollett’s ‘Curious Rectangle’ exisis whenever a /bis integral but, again, the
proof was not included as part of the published articl. Yet such  proof
must reside i the fect that the centres of adjacent circles are of equal height
when ¥, = 3,1 (see equation 7). This requirement leads 10 the condition
(£ -+ 1] = n(n+ 1) and therere 0/ € M. I aso fllows tha,

wheny, = 3,y then.x, = Oand .., = bas Rollett would have wished.

Inasaki Toshihisa (¢ 1775) and Ajima Chokuyen (¢ 1739 ~ 1798)

D. . Smith [13] makes brief menion of the work of 18ih cemury
Japancse mathematicians which relates o the theme of sequences of
Touching circes It seems that they inherited a varity of geometic problems
from the Chinese including some which reqired the decorative inscription
of ngental cirdes into semicirular fam. They also investigated three-
dimensional versions of hese problems such s inscrbing touching spheres
within 2 arger sphere or within a erahedron. But part of he work which is
most elevant 10 the theme of this aicle was done by Iwasaki Toshihisa
‘who involved himself wilh the analysis of the infinite *Arbelos’ sequence
first underiaken by Pappus and Figure 9 s from & manuscript by Iwasaki
and hus been dated around 1775 AD.

Coolidge [8] quotes Mikami [14] 1o the effect that, up 10 the 15
century. Japanese mathematics was destitte of geometry in the sense that it
possessed no distnct general methodology for the soltion of geometric
problems because heir geomety developed a decorative at rather than 3
mathematical science. Apparenty, Jupanese mathematics did_contain
‘echniques for the study of infnite series and other aspects of analysis and
algebra. In fact, Cajori [15] sserts that in 1781 Ajima Chokuyen produced
an algebric soluton of the problem which requires the imsertion of thrce
cirdes in a given wiangle such that they are tangental 1o cach other and
Such that cach circe touches 2 sid of the wiangle. Twemy-two years laer,
his problem hed attached 10 it the name of Malfat, who published his
solutionin 1503





[image: image8.png]FIGURE 9: Problens o tangentcircles
From amanuscript by Iwasaki Toshiisa (e 1775)

Gazete 1953
Being interesied in infinite series and also problems of ngental
circls, Iwasaki and Ajima could cerainly have been intrigued by the note
from Tony Gardiner [16] whase tille was succincily expressed as
Lo

St

= ..





[image: image9.png]Employing a diagram such s that in Figure 10, he used it o provide clues
by which means readers could proceed 1o esiablish geomerric jusification
a1

for the above and also the sum to infiniy of this series, ie.
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A
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D
FIGURE 10

The mathemaics used 1o do this consisied of an_economical use of
clementary algebra and the mensuration of circles; but it can also be
achieved by use of inversion in the circle of radius 1 which has its centre 3t
the point O, the point at which the circles centres A and B are tangential. So,
using disgrams very much like the second and third of those provided by
Mark Harvey [3], it can be shown that the sum of the diameters, d, of the
firstn of his circles, C,,is

3 st ' n '
D TS TS A T

whist rom Figure 10, i is immedisely apparent tha: 3-d; = OD = L

(This problem is also amenzble 1o an spproach which involves wse of
Soddy’s eqation.)

Jacques Ozanam (1640-1717)

It i said of Ozanam that he was self-rught and that he had a gift for
eaching others. He was reputedly of benign disposition and, despie the foct
that his father expecied him o aspire 10 a lfe in holy orders, the comment
was made of him that he was *io0 folerant to have made 2 good churchman
of his day” (he fact is hat he also spen very much of his own camings on
‘gambling). Anyway, @ one of the first popularisers of mathematics, he
‘wroie an innovaive book [17] on recreational mathematics which spanned a
wide range of topics including some interesting obscrvations on problems
concemed with infinite sequences of touching circles @ shown in his very
‘own diagram of Figure 11
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FIGURE LT

Alihough Ozanam published his mathematical works thiny or forty
years after the death of Descartes, his solution 1o the sbove problem sill
relied heavily upon the methodology of the much carlier classical geometry
of Pappus and Euclid. In fact, his commentary on the above diagram
consists of about three hundred words of prose which describes the method
of construction for the circles centred at K, Q. P, O, etc. It would be more
accurate 10 say that Ozamam employed geometic/algebraic constructions
wypical of Greek geomemy ruher than the newly emerging slgebraic
‘geomery of his day. For example, he begins his notes accompanying Figure
11 by suggesting the construction of the third proportional, AL, of lines FG
and AF, where G is the centre of the semi-circle on AC 25 diameter and F is
the cenire of that on AE 15 diameer.

In a footnote, Ozanam pointed ou 1o his French readers, of two hundred
and fifty years ago, the Pappus rlation concerning the heights of the centres.
of the sequence of circles above the line AC. And, in 2 section on a very
similar configuration, he also mentioned, without explanation, that these
centres lie on the perimeter of an ellipse whose major axis is AC.

Jacob Sieiner (1796 - 1863)

It seems that Steiner was not well-taught since Eaves [18] tels us that
he did not leam 10 write until he was fourteen. But, sll in his teens, Steiner
revealed his great mathematical potential and he became 4 tedcher of
mathematics by the time he wis twenty-five and then a professor of
‘mathematics at thirty four. However, in textbooks on elementary geomery,
Steiner's name ofien appears under the two familiar contexs of the Siciner.
Lehmus theorem and the problem of “Steiner rings” of which the Pappus.
configuration i a special case and which s now described.

Given 1o circles, one contained within the other as in Figure 12, then
the Apollonius result will permit the insertion of 2 chain of circles ach of
‘which touches the nitial two circles and which is also tangential 1 s two
neighbours in the chain s in Figure 13
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Random placement of the initial two circles centres A and B and then
insertion of the ring of rangential inner circles will probably lead © @
sinuation in which they begin 1o form an overlapping and ongoing ring
shown by Figure 13 above. Steiner, however, proved that, if @ cerin group
of circles can be found so that they form a closed, finit, non-overlapping
ring ke that of Figure 14, then there s an infinite degree of freedom in
tems of how such groups of circles can be inserted according 1o the
prescribed requirements. To be specific, for any two initial circles, if one
closed chain i possible, then a chain started from any position is possible.

FIGURE 14

Perhaps the only way in which Steiner could see this s being the case is

by means of inversion and Coolidge believes that, alihough the exact

paternity of this ransformation is uncertin, Steiner was one of the first

‘mathematicians 1o make full use of it - which he did for the derivation of

this result. The basis of Steiner's proof emanates from the following two

fundamentl resuls which arise from elementary inversive geomerry:

L. Concentric circles may be inverted o couxal circles and vice versa
(whilst any twocircles are members of a coaxal family)

2. Tangenial circles which do not pass through the centre of inversion will
invert into tangential circles which, again, do not pass through the
centre of inversion. For example, the pencil, T}, of couxal circles
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consistof x + 1 members forming u circuits.”

“This statement is all very well except o say that it fuls 10 define the
quanity with which the interval 7110 N is supposed to be commensurable.

However, the notions of commensurability/rationality play significant part
in the closure of Steiner rings and Ogilvy [20] provides initive evidence s
10 why this is. Incidentaly, Coxeter [21] introduces a non-Euclidean metric:
in terms of which inversive distance is quanified and the resulting condition
for the clasure of 4 Stiner ring thereby obviates any explict reference o the
commensurabiliy of the interval 10 N (ic. the inerval AB of Figure 12).

Gazete 1948

1 M. Child was author of two particularly influenial books on the
history of mathematics one of which concemed the early mamscripts of
Leibnitz (published in 1920) and another which concened the mathematical
lectures of Issac Barrow having been published in 1916; but he was also co-
author of many previously well known school mathematics texs of ‘Barmard
and Child” fame. However, in 1948 and prompted by Rollet’s note of 1938,
he submitted a long and detailed article 1o the Gazerte [22] on the theme of
Steiner rings and their relation 1o Pappus configurations of tangenial circles
of decreasing radii. But it is worthy of note that Child made no mention of
Steiner, Pappus nor Soddy even though there was opporumity 1o employ.

some of their methods. In fact his argumen, and the methods he used o
invesigate the problem, suggested that he had no prior knowledge of any
previous artempis at it Further, due 10 s length and panly due o his
intricate and detailed method of algebraic argument, Chikd’s results are not
easy 1o describe but the salient features are now summarised.

Figure 17 i that with which Child began his analysis. In the diagram, S





[image: image13.png]s the cente of the ower circle of s 1; i the cente of the imer circle
of rdivs a and c i the disance between Sand . So, i point (v, ) i the
cente and 7 i the radius of any cirde (P, 7) in the tangental ring, then the
Tollowing two equations eadly emerge

GrFrF == e =@ (10
In passing, it can be noted that, if 7 is eliminated between these Figure 17
equations, hen the resuling equation in < and y represems an ellpse wilh
foc at poins S and S but the fct that the cenies, 7, of the circle in the
nner ring lie on an ellipse is lso seen 1o be the case from Figure 17 in
Which SP, = 1~ r,and S, = 0+ 1, % hat the value of S + SP, is
consant.

The crux of Child's subsequent analysis is @ theorem which sates that,
siven ny three successive circes ofthe inner ring and of radii 7, 73 nd 1,
of which 7 s known, then 7, and 7, ae the roots of  quadratic equition
‘whese coeficents, L, M and N are ‘simple functions’ of ; andthe radi of
the innermost and outemast circle.

Begiming wih cquations (10) and exercising 3 combination of
insightful ingenuity and dogged perserverance (equation crunching!), Chiki
derived the requied quadratic equation 5

G+ 7) + L = MU+ rdrins + Nrid = 0
hen, from this equation, together wih the substiution r, = 1/d,, the
following difference equation emerged:

ooz + (L= Ddyey = (L= 1d, = d,-, = 0. an

As anext step, Child declared this difference equation 0 be “the scale of
relation of the series obiaingd by expanding, in ascending powers of (< 1),
the fraction (u + vx + wa) /(L ~ x) (1 + Lt + %) where u, v and ware
detemmined rom the known values of the firstthree circles. .

Following this, conclsions were drawn conceming the circumstances
in which the inner ring of tangential cirles will fom, ater ome or more
circuis, 3 closed loop 2 opposed fo an infnite chain. (As it tums ou, his
il be an uncountzbly finte chain). The method depended upon
inspection of the cofficents of the aforementioned power series. To quote
Child I it is supposed that the i cirle touches the finst, it follows hat
here s & ecumence of & group of n coefficients in the series’. However, no
inference was made, in temms of the positioning of the inner and outer
dircles, reganding the conditions for closure of the inermediste ring of
‘angenial circles but Child proceeded instesd to the examination of special
cuses such  the instance when ¢ = 1 ~ 0, comesponding 10 the Fappis.
sequence of section 3 of this pape (yet this is a spevial case 3 opposed 1o
the limting case where  + ¢ —» 1)

By way of illustration, Child's version of cquation (11) for which
¢ = 1 - awithspecial valuesa = band r, = # gives

ez = Mooy =3, 4 dyo





[image: image14.png]which is satisfied by the value of d, = 1/7, where 7, is that given by

Saterly in equation (6) for the values o
There are two notable features of Child's aricle as follows:

@ His style of argument is somewhat inscrutable and yer, by his resuls, i
must be judged 4 being particularly ingenious. In fact it could well
represent an analytic approach 10 the solution of geomerric. problems
‘which epitomises the methodology of Iwasaki and Ajim.

i) The validity of his resulss can be tested by comparison with others so far
proven and Child cerainly made the’ point, without drawing firm
conclusions, that matters of commensurability are. pertinent 1 the
closure of the Steiner ring of tangentia circls.

Finally, Child did eventually get round 1o addressing the nitial problem
of Rollet’ “curious rectangle’ and his comments regarding its acoessibility
10 lower fifth formers were as optimistic as those of E. H. Neville he ssid
that the method of solution would quickly spring 10 the mind of any lower
Sth form pupil who perused his disgram of Figure 18!

WS
FIGURE 1§

For development

There are two particular matters arising from the foregoing discussion
‘which require clarification. The fist concerns the origin of equation (2) for
which there appear 1o be o schools of thought. On the one hand, it is
believed that Soddy i its originator and yet his “article” (6] of 1936 s no
evidence for his, being no more than a four-verse poem of which the first
three verses entol the sestheric sppeal of the configuration of Figure (16)
and equation (2) which arises from it The fourth and last verse seems 10 pay
homage 10 the elegance of the results relating 1o the “Hexler', the three
dimensional analogy of the Steiner ring, which, sccording to Ogilvy [20] is
an original discovery of Soddy’s (and it is most definitely deserving of its
very own somet). But it has come to my notice that, in  leter 10 Princess
Elisabeth of Bohemia, duted November 1643, Descaries describes his
derivation of an equivalent to equation (2). He denotes the radii by d. e.f
and  and he derives the following equation which connects them
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= 2deffuc + 2eeffc + 2deefex + 2ddeffx + 2defcx + 2deefx.

‘The method of derivation was based upon the fact that the four centres
have mutual distances d + %, e+ 5, [+ 5 e+ f, [+d ad d+e.
Furthermore, if expressed in the form of equation (4, it could be one of the
carliest relationships expressing properties of curvarure and now renders less
likely the possibility of the laier being accorded the dubious epithet of
“Saddy's Law”

The second matter which requires further comment concems the
conditions under which the Steiner ring will close. For this, there are only
three basic parameters 10 consider; these are the radii of the inner and outer
circles and the distance berween their centres. As mentioned carler, the
quotation from Steiner's agument (in Seribner's dictionary) refers 10 4
necessary condition for closure 3 being the commensurability of the
interval n, N which, 1 this author, has no meaning in itelf. But, in
example for the special case ¢ = a - 1, from Child’s article (Figure 17),
he notes that “all part of the tisngle SPS” are all raional” which led me 10 4
‘more specific ine of enquiry for the general case for the closed Steiner ring.
That is, the inner ring of ngential circles is closed if, and only if, S, SP.
and P are commensurable but calculations based upon the use of cquations
® ad (9 w2 suring point produced contrary evidence 1 his
supposition.

However, Coolidge [23] describes 4 thearem which states a necessary

and sufficient condition for closure by referring o Figure 19 2 a strting
point._In this, a and i are the circles which are 10 enclose the ring of
fangential circles and 7 and & are tangenial 1o them s shown. If @ is the
angle at which the latir pair iniersect, then a necessary and sufficient
condition for closure of the iner ring of pairwise tangential circles is that 6
should be commensurable with . Forher, if this commensurability i
expressed g5 6 = 2, then g denotes he total mumber of circles in the ring
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‘Inthe end is my beginning’ (T. S. Elior)

Gazete 1967

Just s though none of the foregoing had ever tken place, there
appearcd in the Gazette of May 1967 [24] a very brief note from
D-M.G. Rees whose tle was “Rectangling the Circles’. There was just one
diagram (Figure 21) and the accompanying writien commentary is fully
quoted below.

FiGURE21

*Some readers may be us surprised as [ was when | made the

discovery, with regard 1o the sbove system of circles centres O,

04, 0,, 0, 1ouching one another, that the radii of the circles

centres O, 0, 0, are in the ratio 1:2:3 and hat he wiangles.

00,0, 0d 0,0:0, are of type “3:4:5", alihough | suspect that

this must be wellknown. The proof is well within the range of

an O-level pupil’

Strangely, the supposition that the four centres form 2 rectangle, which

was also made by Rolletts pupils in 1938, provoked no reaction whatever
from the readership of 1967 and thereatfer.
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