[image: image1.png]A journey round the triangle
Lester's cirdle, Kiepert's hyperbola and
‘a configuration from Morley

H.MARTYN CUNDY

In a recent article [1], Ron Shiil has given a Cartesian proof of an
iteresting theorem due 10 J. A. Lesier. This sttes tha, for any wiangle, the
circumcentre O, the nine-point centre O and the two Fermat points F and
F', (which are the poinis of concurrence of the joins of it vertces 10 the
verties of equilsteral wangles drawn outwards/imwards on the opposite
sides), are concyclic. He refers 1o Lester’s own treatment s necding
complex coordinates with computer-ssisted algebra; his own proof uses an
unpromising metho, and results in similar problems. Contempltion of the
configuration would suggest that he location of he point of intersection of
FF with the Euler line 00, might lead 0 a simple proof. The thearem is in
fact o corollary from the properties of a remarkible configuration
originaiing with Marley [2, p. 209], and shown in Figure 1. He did not
deduce Lesier's result, nor label the crucial point J in the diagram, which
‘was drawn without that particulr inersection.  Also involved in this figure
s rectangular hyperbola known by the name of it deseriber Kiepert [3] It
i helpful 10 discuss all three together. What follows is a journey ihrough
country nowadays rather unfamiliar, avoiding the computerised motorway
and using older tracks via complex mumbers, tilinear coordinates and

Euclidean methods which reveal much more than is apparent from
Cartesian reament.

FIGURE |

Notaion

Take the circumcentre of AABC 3 origin in 2 complex plane, and the
circumradius as unity. Let the affixes of the vertices A, B, C be a, b, €, 4
notation [ shall follow throughout. The complex conjugate of a, a” will then
be 1/a, nd similrly for b, c and all points on the circumcircle, which are
called turns, since multiplying by one of them is equivalent 1o rotaion.
Write @+ b + ¢ = s, which is the affix of the orhocenire H, because





[image: image2.png]5= = b+ ¢ ells us that AH i equal and parallel 10 204, where A'is
the midpoint of BC, and similrly for BH and CH. Then G, the entroid, has
afix /3, and he nine-poimt cente Oy s ,/2. Wit be + ca + ab = 5,
and abc = 5, Then st = sy/s. | shal aso make much we of e
directed angle $POR, which i the mezsure, mod 1, of the rottion. that
caries the line P (a0t ray) 10 the line OR. (The positive sense s wsully,
but not necessarly, taken 1o be anti-clockwise, but must of course be
consistently maintained)

Isogonal conjugates [4,p. 2141
“Two poinis P and 0, not on the sides of a wiangle ABC, are isogonal
conjugates with respect to that wiangle if <BAP = SOAC, and similaly for
vertces Band C. Since the directed angles are equal,
P-alb-a _@-aG-a
Calg-a  G-ac-a

must be real. This.

P-ag-a @-a@-a @ -aig -d
b-ae-a  G-axe-a G -ahe - a)
_be@r - bag - b
@ ha-o
)(q ~a) = be(1-ap')(1 —ag) which can be wrien a

T(.9)= BT (.9), if T(p.g)=p+9-+abep'q’ —5,. Then we must also

have 7(p. g) = cal”(p. g) at B, which is impossible uness T'(p. g) = 0,

when alsoat C, T (p. ) = abT"(p. g) willfollow. So we have

Lemma. P and 0 re isogonal conjugates if and omly ifp-+ + 57" = 5,

Theorem 1. If ABC is any wiangle, and % s 2 fined diameter of it

circumcircle U, the locus of the isogoral conjugates of the points of i 4

rectangular hyperbola 9t with the following propertes:

(@) 9 contains ABC and the orthocenre H.

) The cantre of s on the nine-point circle.

(© The ssymptotes of 3 are the Simson lines of the points in which &
mees .

(@) The founth imersection of 3t with 4 is diametrically opposte 1o the
orthocentre H on 9, and diametrially opposite the point K on U whose.
Simson line s parallel o 5 (Figure 2).

Proof. Take Uss = = 4t for fixed 1, then i the locus

siven by =+ + A/t —i(5" + ). Taking

the conjugate, (52" ~ 52) = ~A(% + 5, and climinating , we find the
equaion o 9 1o be

S =
where 7 = 53/, whichis a m.





[image: image3.png]Alematively, we can eliminste = 1o get the parametic quation
=) = 5 - ale+ w10+ @

It is immediste (from (1)) that 9 is 2 conic, and (from (2) that it
contains s, (4= 0),a when 4= 1/a etc, and that when 4 — £1,z = .

FiGURE 2

At > 4,2/ o st =rtand w d > L2 vsr= 4T,
50 that the ssymptotes are perpendicular and 9 i & recangular hyperbols.
Waiing (1) n he form
[z - (5 = /21 = sl = (s = /2] = constant,
we find the centre of 3 to be the paint 4(s, — 1), whose distance from bs;,
e nine poit cente, i 4, snce 7 i a um, ths proving (b). It s obviows
from (1) that 3 contens 7, which s diametricaly opposie o 7an U and 10
H on i it now ony remains to ientiy the Simson lnesof . 1. and 7
"o do tis | shall usethe line of images i the sids of the riangle of a
pointonthe circumeirel. This s parsle 10 the Smson line and realy more
Pundamental, though historically it wes conceived later. First we need the
quation o BC. This must be such that when <1 um 1 i cquivalent o
the quadratic u* — u(b + ¢) + be = Oaru — (b + ¢) + beu = 0. ltis
herefore = + bes' = b + ¢ (whose mh is obviows once it is writen
down). The slf-conjugite equation of a line stes that a pointon he line i
oincident with i relection n the line, 50 that the image of = in BC i
beco bt =5 —a- s/ When s a fixed m u, the thee
imsges in e sdes wil all belong to the laus gven by
25 =26+ s/ for a varisble wm 6. Butthis s pat of 3 sright
fine fhrough he orthoceme 5, since (= ~ £)/(: ~ 5" = 5/, fixed
umm, which gives the direction f the line of images and the Simson line of
. When 1y = 1 tis i and the lne is parallel 1o the symproe at
= L. Similaly the ssymprote at 4 = 1 i the Simson e of .





[image: image4.png]Finaly, e line of reflectons of 7 s paallel 1 5317 = £, whichis
9,50 (d)is proved nd the proof of the thearem is complete.

Lsogonal conjugatesin rifnear coordinates
I P(a. . ) i imide the base wiangle ABC, (afly # 0), then 50 dlso is
Qits isogon conjugate, which I shall abel (a, 7. 7). Then

B _APsinZPAC _snsBAQ ¥
7 T APsin ZBAP ~ SnZ0AC _ F

s0 that fiF = 7. Similarly, from the situation a1 B, 7/ = aa’. Now, if
the ray AP s roated 10 cross 4B's0 that Pis oviside, 7 will change sign. But
AQ will then rotate o bring 0 across AC and 7 will change sign o that
‘il sl be equal 10 7', Any other position of P in the plane can be reached
by reeition of such changes, s that for any P in the plane other than A, B,
C.P and © are relted by the equations aa’ = 5 = 7y'. Now suppose P is
on BC, so that a=0. Unless P is at Bor C, fand y are non-zero and
F'=7'=0.50 that Q'is w A We may therefore say that a vertex of the
wiangle is isogonlly conjugate 1o any point on the opposite side, and
consideration of the isogonal rays at the other two vertices confirms this.
Theorem 2. If P, Q are sogonal conjugates, <BPC + <BOC = BAC.
Proof

4BPC = 4PBA+ 4BAC + SACP = 4CBQ + 4BAC + 40CB
SBAC + 4COB, and the resut follows

Theorem 3. It P. 0 ae iogonal conjugates: (o) thir podal wiangles PALP.
and 0,0,0. have the same circumcircle, whose centre s the midpoint M of
PO: (b) AL, is perpendicular 10 AQ, and five similar statements (Figure 3).





[image: image5.png]Proof
(@ If ZBAP = 6,

APJAR. = cos (A - 6)/ cos 6 = AQ./AQ,
= ARAQ, = AP.AQ. = PQIP.Q. are concydlics

by considering the mediators of A,Qs and P.,, we see that ihis cirdle has
centre M. Likewise £.Q.P.0, lie an 4 circle with centre M, but, since both
cirles pass through £, they must coincide, so wangles AP, and 0,010
have the same circumcircle, with centre M.

® Let AQ meet AP at R In As ARE, ARP, ZAPR = ZAPP, and
ZRAP. = ZBAP. thercfore ZARE. = ZAPP = b

The isodynamic (Hessian) points

The Apollonius cirde K, i the locus of @ point X when
BX/XC = BA/AC. Ky and K. ire similaly defined. These last two meet
intwo points § and §' where SABC = SBCA = SC.AB which also lie on
K, Historically, these are the points with afixes s and Jy for which the
cubic with roots a, b and ¢ can be put in the fom (: ~ 7’ = A(: — o)
for real A. This method is due 10 Hesse whose name adheres 1o the points
The three circles are couxial: their centres L, M, N lie on the sides of the
wiangle and on the line bea + caff + aby = 0, the Lemoine line. B and C
are inverse n K,.tc, 5o the cirmcircle s orthogonal t all three, OSS” are
collinear, and 0S.05” = K.

A

FioURES

Theorem 4. The pedal wiangle of each Hessian point is quilateral.
Proof. Let S5,, 55, S5, be the perpendiculars from § 1o AC, CA and AB.
Then AS.SS. are concyclic and
S5, = SAsinA = SABC/2R = SBCA/2R = S, = 55
smilaly
The same argument holds for S (Figure 4).





[image: image6.png]The isogonic (Fermat) points.
‘These are the points F, £ at which <AFB, <AF'B etc. are all +7/3.
‘They can be obtained as follows (Figure ).

o
FIGURE S

Theorem . Let equilateral riangles BCP, CAQ, ABR be described outwards.
(inwards) on the sides of a miangle ABC. Then (a) the lines AP, BO, CR
conaur a1 F (F), where 4BFC = 4CFA = 4AFB = +(-)27/3, md (b)
the centres U, V, W of wiangles BCP, CAQ, ABR form 2 new equilateral
wisngle whose centre is G, the centroid of AABC.

Proof. The proof s the sume for F and . I give the proof for F, when the
figureis clearer
(@) ACAR, roated about A through /3, coincides with AQAB. Therefore
CR = 0B and the angle berween them is /3. Similarly for AP and B0.
S0 if CR, BQ meet at X, BXAR and CXAQ are concyclic sets, 4BXC = 2/3
and BXCP are concyclic. Then <CXA =2u/3, <PXC = /3, AXP i @
straightline, so X = F, and BC, CA, ABall subiend 27/3 at X.
(6) This is most casly proved by using veciors. To begin with, since the
common chord of the circles BRAF, COAF is AF, the jin of their centres,
VW, is perpendicular 1o AF, and similarly WU is perpendicular 1o BF and
UV o CF, s that AUVW s equilsteral. Now take any origin £ and write
EX = x,and 5o on. Then we have, since AP = BO = CR. and they make
angles of 21/3 with one another, their vecior sum is zero, ic.
p-a+q-bir-c=0.0rp+q+r=a+b+e=3g Thloe
3usviw=btetpreratqrathbr
—2@+bro+prarn =%
50 that G i the centroid of AUV,
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Theorem 6. S and F. S and F* are isogonal conjugate pairs.
Proof. Let § be the isogonal conjugate of 5. By theorem 2,
ABAC — 4BSC = 4BSC = 4SBA + 4BAC + 4ACS

= GSS.S + 4SS + BAC = 2SS+ BAC,
therefore

aBSC = 48.8,5, = +1/3 = 4BFC.

Sice tis e rgument holds for cach side of e wiangle, F =  is
ndesd s Fomma pomt. 16 35 replaced by S the rgumens e lh
a7 ol

Theorem 7. FS 1nd F'S' e parallel 1o the Evier line, OGH.
Proof. Since, by thearems 3 and 5, 5,5, nd VW are both perpendicular 1o
AF, and similaly for the other sides, ther is 4 diatation ¢ which maps
AUVW 10 8S,S,S... By theorems ) and S0, ¢(G) = M, the midpoint
of SF. Since U0 and S5, e parallel, both being perpendiculr 10 AC, and
similaly OV is parallel 10 SS, and OW 1 5., ¢/(0) = S d therefore
9(0G) = SM. So SMF is parallel 10 OG and F = /), where J is the
image of O in G, ie., OJ = 20G = 30H. This will be e whichever of
5.5 istaken

Wit the similar dilataton for S' s ¢/, The fixed point of @ must be
he intersection of OS and JF. Then the compounded linar wransformation
¢ maps S10 S F 1o F, M 10 M’ and must herefore coincide wih the
perspective mapping with fixed point ¥ between the lines <M and b in
he accompanying projective diagram (Figure ). MY s then the polar of ==
with respect 1o the quadrangle SFFS’ md the following can now be
deduced:

(@ JFF* are collinear,as are GSF', GSF.





[image: image8.png]() Y156 = K the symmedian poins, by Hess's theorem [5, $237] and
Koomir
() GK bisects FS and F'S".
Furber rels must avaic the exension of deorem 5, and e
pariclanestion o hceem 1 10 e Kicpe hperbol

The Kieper hyperbola
We can now discus his remarkable curve. This s the cuse of Theorem
1 when < the Brocard line OK. given by ©* = k/k° then 7 = s/ =5,
Saythe Sicinerpoin, and 6 becomes A, given by
G+ = )+ 1) ®
Itmeetsthe Eulerline atH and G, he isogonal conjugates o O and K.

Theorem 8. 3 contins he witangent cenires of the complementary wiangle
ABC.
Proof. The witangent cenres of ABC, bing their own isogonal conjugates,
by the lemma, satsfy the equation 21 + 5, = s,0r 20" + i = 5. The
wisngle ABC’ is obiined by the mamsformation 2 + 2 = 3¢ = 5,
giving 20° = (s, D
The symmedian (Lemoine) point k is the isogonsl conjugate of
G(51/3), 50 that 3k + s3k” = 25, Therefare also 3k + ks, = 2s;. From
), we need to show that L = (7 — s) (" + ) = ssil’,or kL = k'L
We have

UL = () sk = ) = () (ki sk 25)
Koy = 2507) + ilksy + k" = 25) + sisk” - 20
k(s = 2597) = 255K + sk’ = 2551

sallsk + sik) = 26 + k) = 25]] = syp, wherep is real,

= L

Since this i tru for any i ofthe four entres,  contains them sl
Becanse the Fermar poinss F, F’ are_the isogonal conjugates of the
odymamicipoints 5, lying on OK, F, F'licon

From Theorem 1,  meets the ircumcircle ¥ sgain at the point of U
dismerrically opposite the Stiner point Z, which i the point where U meets
the circumscribing Seiner ellpse E. This i the Tary point 7, and from the
heorem the cente X of % s the midpoint of TH. Therefore OH, ZX are
medians of AZHT and meet 3t G where HG = 260, and ZG = 2GX. So
X'i the image of Z under the dlatation [G: ~1) which i 2/, the Sciner
point of the complementary wiangle ABC", the meet of the images of U’
xd T the nine-point cirle and the imer Siciner ellpse, which touches the
Sides of AABC at their midpoints A'BC (Figure 7).
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W inrilinear coordinates
s the unique conic through ABCGH is wilinear equation is therefore
of the form Epffy = 0. Since it conins G (1/a. 1/b. 1/c). Zpa = 0,
and since it contains H (sec . secB, secC), Ep cos A = 0. Therefore
Piq:r=(onC— camB): (comA-acnC): (acosB-boosd)
=be(b - %) cal@ - @) : aba’ - b7)
sin(B-C):sin(C—A) :sin(A-B) “@
and the equation for 3 can b putin he algebric form
Shelb® - &)y = 0. ©

or the igonomeric form Sy sin (B — €) = 0. An important property of
3 is now easily established.

Theorem 9. If isosceles wiangles BCP, CAQ, ABR with buse angles 6 are
described on the sides of a triangle s bases (reckoning 6 2 positive if
P.Q.R are ouside the wiangle, and negative if the wiangles are drawn
imwards rom the sides), AP, B0, CR concur at  point D and e locus of D
s the Kiepert hyperbola . (L append the proof for completencss, but the
same proof in areal coondinaes has been given n [3]) (Figure 8).

Proof. At the point P, f = PC sin(C + 6)and y = PBsin (8 + 0), s0
that_the line AP is given by f/y = cosec(B + @) cosec(C + 6).
Similarly BQ is given by y/a = cosec(C + 6)/ cosec(A + 6), 50 that D





[image: image10.png]Fowss
s the poin [conec(h + ), cosec(B + 0) cosec(C + ] and must also
e on Q8. Then
Zsin(B-C)/a=Zsin(B-C)sin(A+86)
cm0.Zsin(B- )sin(8+ C) +sin 0 Zsin(B- CrcmsA
- cosasn? snic)

+sin6[Zsin BoosC cos A - Ecos BsinC cos ]

So that Dis on .

Special points

When 6 = 0, Pis at ' on BC and Dis the centroid .

When 6 = 47, P s atee, and Dis the onhocentre .

Wien 6 = +1/3,the wiangles ACP, CAQ, ABR e equilateal and D'
wFand F.

These four positons of P form 3 hamanic range, o tht GH, FF” are a
hamonicset on . If OK meets the cireumeircl st U, U, since, by secton
2,55 e inverse with respect o the cireumcirce, {0, S5 = 1. Since
ogoml conjugacy s polar conjugacy with respect 1o any recrangular
hyperbola through the itangent pints, tleaves rossatio unchanged, nd
herefore FF" are conjugate wilh respect o the line t nfniy: L., FF" i a
diameter of 3 and GH is 3 conjugate chord; FF* bisects GH 31 1, & we
konow: ad the tangens 1o X a F. £ are parallel to GH. The polar of
K(a.b o) is the line Thc(i¥ — ) (by + cf) = 0, which reduces 10
Zaa(i? ~ )b+ ¢~ @) = 0, or Tasin(B- C)sinA oA = 0
Which s GH. Therefore K i on FF* and the tangents a G, H awe K. HK.





[image: image11.png]Lester’s circle and the Morley configuration
We need asimple theorem fo the rectangular hyperbola

Theorem 10. 1f LL” i a dismeter of a recangular hyperbols, and MNM a
conjugate chord, bisected by LL” at N, then NLNL’ = NM? (Figure 9.
Proof. Let the hyperbola be x : y : ¢ = # : 1 : 1, and M, M. L the
points with parameters 1, f; and t,. The tngent at Lis x + iy = 2ct, and
BN s x4 ity = et + ). These e parallel, thercfore 11; = 15
ON, N make cqual angles with the c-axis. Let the angle be . N is
Heln + n).c(Un + 1Un). Ao NL =kt + 6 - 20) secq,
N = (0,4 12+ 20)secq d NM = b1, — ) sec.

NLNE = (sec*q.c/4)[@ + 0 - 4]
(et g4l - o = NOF.
Then we have for , FF is a dismeter conjugate 10 GIH with J the

midpoint of GH. Therefore JEJF = JG* = JOJO, and FF 00, ae
concyclic (Figure 1)

FIGURES

Theorem 11, FSis tngent o 3t F and F'S i angent at
Proof. F s the point (cosec A, cosec B, cosecC) where A" = A+ /3,
B'=Baa]3,C"=C+/3. S i the point (4nA',sinB. inC") The angent
5t F 1o 4 i given by the equation Zun (8~ ) (josecC" + ponsech) = 0
Now— C= & = Coand &'+ B + C' = 2n. Therefoe, muliplying
by sin A sin B sin C*and resranging, we get for the angent t £
ZasinAlsin(€” - A)snB + sin(A - BysinC) = 0.
Sice snB = —sin(C +4) ad so on, wing the identy
sin(A - Bysin(A + B) = sin®A — sin’B, we can reduce this 1o

Zasin A (6n’ C - sin’B) = 0 ©
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[image: image13.png]The various poinss, lines, circles, Lesters cirdle, Steiner's ellipse,
Kieperts hyperbola and their incidences are shown in Figure 10. The
following collinearties are noteworthy: proof of thase not referred 1o i left
10 the interested reader. , 0, K here are the second itersections of the
circumcircle 4 with the Apollonius circles K., K K.. The sign + indicates
o similar anes.

0GOJH Eulerline  OSKS' Brocardaxis  LMN Lemoineline

AGN'+  AMH,+  BACHL+ AKPU+ ALVW+

GSF' GSF HXT 201 20X JFKXF

Finally, it is noteworthy that the sixteen points we have visited: 4, B, C;
0, H, = (on OH in Figure 6), PO, R, P, 0', K (in Figure 5%, F, F',S, 5",
alllic on the Neuberg cubic of the riangle (sce [S]). Some achievement for
the happy band of pilgrims at our journey's end.
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